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Abstract We investigate a hybrid Fourier-Continuation (FC) method (Bruno and Lyon, J
Comput Phys 229:2009–2033, 2010) and fifth order characteristic-wise weighted essentially
non-oscillatory (WENO) finite difference scheme for solving system of hyperbolic conser-
vation laws on a uniformly discretized Cartesian domain. The smoothness of the solution is
measured by the high order multi-resolution algorithm by Harten (J Comput Phys 49:357–
393, 1983) at each grid point in a single-domain framework (Costa and Don, J Comput Appl
Math 204(2):209–218, 2007) (Hybrid), as opposed to each subdomain in a multi-domain
framework (Costa et al., J Comput Phys 224(2):970–991, 2007; Shahbazi et al., J Comput
Phys 230:8779–8796, 2011). The Hybrid scheme conjugates a high order shock-capturing
WENO-Z5 (nonlinear) scheme (Borges et al., J Comput Phys 227:3101–3211, 2008) in non-
smooth WENO stencils with an essentially non-dissipative and non-dispersive FC (linear)
method in smooth FC stencils, yielding a high fidelity scheme for applications containing
both discontinuous and complex smooth structures. Several critical and unique numerical
issues in an accurate and efficient implementation (such as reasonable choice of parameters,
singular value decomposition, fast Fourier transform, symmetry preservation, and overlap
zone) of the FC method, due to a dynamic spatial and temporal change in the size of data
length in smooth FC stencils in a single-domain framework, will be illustrated and addressed.

P. Li
State Key Laboratory of Explosion Science and Technology,
Beijing Institute of Technology, Beijing, China
e-mail: weilailp@gmail.com

Z. Gao · W.-S. Don · S. Xie
School of Mathematical Sciences, Ocean University of China, Qingdao, China
e-mail: zhengao@ouc.edu.cn

S. Xie
e-mail: shusenxie@ouc.edu.cn

W.-S. Don (B)
Division of Applied Mathematics, Brown University, Providence, RI 02912, USA
e-mail: wsdon@dam.brown.edu

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s10915-014-9913-2&domain=pdf


J Sci Comput (2015) 64:670–695 671

The accuracy and efficiency of the Hybrid scheme in solving one and two dimensional system
of hyperbolic conservation laws is demonstrated with several classical examples of shocked
flow, such as the one dimensional Riemann initial value problems (123, Sod and Lax), the
Mach 3 shock–entropy wave interaction problem with a small entropy sinusoidal perturba-
tion, the Mach 3 shock–density wave interaction problem, and the two dimensional Mach
10 double Mach reflection problem. For a sufficiently large problem size, a factor of almost
two has been observed in the speedup of the Hybrid scheme over the WENO-Z5 scheme.

Keywords Fourier Continuation · Weighted essentially non-oscillatory · WENO-Z ·
Multi-resolution · Hyperbolic · Hybrid

Mathematics Subject Classification 65P30 · 77Axx

1 Introduction

The nonlinear system of hyperbolic conservation laws (PDEs) can be written compactly as

∂Q
∂t

+ ∇ · F(Q) = 0. (1)

together with appropriate initial conditions and boundary conditions in a Cartesian domain.
It is well-known that the solution of (1) can develop finite time singularities, such as

shocks, contact waves and rarefraction waves, at some later time even if the solution is a
smooth function initially. The solution of such nonlinear system could also create both fine
complex smooth and large strong gradient flow structures dynamically in space and time.

Characteristic-wise weighted essentially non-oscillation (WENO) conservative finite dif-
ference schemes on an equidistant stencil as a class of high order/high resolution nonlinear
scheme for solutions of hyperbolic conservation laws in the presence of shocks and small
scale structures was initially developed in [22] (for details and history of WENO scheme,
see [28] and references contained therein). The use of a dynamic set of substencils where a
nonlinear convex combination of lower order (local) polynomials adapts either to a higher
order (global) polynomial approximation at smooth stencils, or to a local polynomial approx-
imation that avoids interpolation across discontinuities, yields a rate of convergence that goes
from O(�xr ) at the non-smooth stencils, to O(�x2r−1) when the convex combination of
local polynomials is applied at smooth stencils. The smoothness of a given stencil ismeasured
by smoothness indicators βk, k = 0, . . . , r − 1 that measure the sum of the squares of the
scaled L2 norms of all derivatives of each local polynomial. The nonlinear weights ωk such
as the classical weights given in the WENO-JS scheme [22] and the optimal order weights
given in the WENO-Z scheme [4,6], in the convex combination of the local polynomials at
the cell interface, has been used extensively. It has been shown that the WENO finite differ-
ence scheme based on the WENO-Z optimal order weights is less dissipative and has higher
resolution power than the classical WENO-JS scheme for a larger class of problems.

However, there are certain disadvantages of using WENO schemes for solving hyper-
bolic conservation laws for certain class of problems. In order to guarantee essentially non-
oscillatory capturing of shocks and high gradients structures in the solution of the hyperbolic
PDEs, the WENO algorithm is highly complex to implement and computationally expensive
as it requires, at each grid point, the setup of the Roe-averaged eigensystem, the splitting of
the flux into its positive and negative components, the forward and backward projections of
each positive and negative fluxes between the characteristic and physical spaces, the com-
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putation of the smoothness indicators and nonlinear weights for both positive and negative
projected fluxes in the characteristic space. (Parallel implementation of the WENO scheme
will certainly help in reducing the CPU time.) The overhead could make the WENO algo-
rithm five times more expensive than other nonlinear shock capturing schemes. Moreover,
the WENO scheme is, in general, too dissipative for certain class of problems (for example,
compressible turbulence) than the linear schemes at a given order and resolution.

A natural remedy to alleviate some of these difficulties is to avoid using theWENOscheme
and to use high order linear scheme in smooth regions of the solution wherever and whenever
possible. Some often used high order linear schemes are the central finite difference scheme
(CFD) [8] that has a strong dispersive error, the bandwidth optimized finite difference scheme
(BFD) that increases the resolution at a cost of a reduced order of accuracy, and the compact
finite difference scheme (Compact) that requires solving a system of banded matrix equation
[1,25]. Therefore, a spatial and temporal switching between a high order WENO scheme
for non-smooth stencils and a high order linear scheme for smooth stencils (hybridization)
has been designed by employing a measure of smoothness of the solution at each grid point
and at a given time. In order to maintain the high order/high resolution nature of the Hybrid
scheme, the high order multi-resolution (MR) analysis [16] by Harten is used in this study.

In a multi-domain framework [9,10], the non-dissipative and non-dispersive (spectral)
Chebyshev collocation method works well together with the WENO scheme. However, the
hybrid spectral-WENO scheme has some distinct complications in its implementation. The
scheme requires an interpolation of the solution on a non-uniform Chebyshev collocation
grid to a uniformly spaced grid in order to perform the MR analysis on spectral subdomains
and to interpolate the solution from a spectral subdomain to a WENO subdomain, and vice
versa. In addition to that, with an explicit time stepping scheme, the time step�t = O(N−2)

can be quite restrictive if the number of Chebyshev collocation points is large.
To overcome these difficulties due to the non-uniformly spaced Chebyshev collocation

grid, one can replace the Chebyshev collocationmethodwith the Fourier-Continuation-Gram
method [5,26,27]. The key idea of the Fourier-Continuationmethod (FC) is the reconstruction
of a non-periodical function on an equidistant grid using the Fourier collocation method on
an extended periodical function over an extended domain with same grid spacing (see Fig. 2).
The patching of the non-periodical function (red line) and the matching function (blue and
green lines) (together they form the extended periodical function in the extended domain) is
done with high order Gram polynomials in an overlapped subdomain (green line) between
the original domain and the extended domain to ensure that the extended periodical function
is of sufficient high order. One of the assumption underlined the FC method is that the
non-periodical function is sufficiently smooth if not analytic. An accurate and efficient FC
method requires a good choice of six user tunable parameters, a least squares solution of an
ill-conditioned over-determined system of linear equations via singular value decomposition
(SVD), a fast Fourier transform algorithm (FFT) for computing the derivative of a given
non-periodical function based on the extended periodical function in the extended domain,
and an efficient implementation of the algorithm. In the context of solving hyperbolic PDEs,
the FC method has been shown to be of high order and essentially non-dissipative and non-
dispersive (spectral-like), which are a much sought after characteristics of numerical scheme
for solving problems requiring a long time simulation. Readers are refereed to large volume
of literature of this subject (such as [5,24] and references contained therein) for more detailed
discussion of the theoretical development, practical implementation, and application of the
Fourier-Continuation method.

In Table 1, we summarize, in a subjective sense, certain characteristics of five different
commonly used high order linear schemes.
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Table 1 Characteristics of central finite difference scheme (CFD), bandwidth optimized finite difference
scheme (BFD), compact finite difference scheme (compact), Chebyshev collocation method (spectral), and
Fourier-Continuation-Gram method (FC)

Domain Grid Dispersive Order

CFD Single/multi Uniform Strong Optimal

BFD Single/multi Uniform Mild Reduced

Compact Single/multi Uniform Very mild High

Spectral Multi None Optimal

FC Multi Uniform None Optimal

In this current work, we aim at the conjugation of the FC method and the WENO-Z
scheme (Hybrid FC-WENO-Z) for numerical simulations of hyperbolic conservation laws
in a single-domain framework in the spirit of [8], instead of a multi-domain framework
[27]. The single-domain framework offers many challenges, flexibilities and opportunities
that do not present itself in the multi-domain framework, where the number of grid points
in all subdomains are fixed in advance and remains unchanged in time. We will address
many critical and unique numerical issues in an accurate and efficient implementation (such
as reasonable choice of parameters, singular values decomposition, fast Fourier transform,
symmetry preservation, and overlap zone) of the FC method, due to a dynamic spatial and
temporal change of the size of data length in smooth FC stencils.Wewill give as much details
as possible to assist user in implementing the FC method in an accurate and efficient manner.
The accuracy and efficiency of the Hybrid FC-WENO-Z scheme in solving one and two
dimensional system of hyperbolic conservation laws is demonstrated with several classical
examples of shocked flow, such as the one dimensional Riemann initial value problems (123,
Sod and Lax), the Mach 3 shock–entropy wave interaction problem with a small entropy
sinusoidal perturbation, the Mach 3 shock–density wave interaction problem, and the two
dimensional Mach 10 double Mach reflection problem. For a sufficiently large problem size,
a factor of almost two has been observed in the speedup of the Hybrid FC-WENO-Z scheme
over the WENO-Z5 scheme.

The paper is organized as follows. In Sect. 2, a brief introduction to theWENO-Z scheme,
the Fourier-Continuationmethod, theMulti-Resolution analysis, and the Hybrid FC-WENO-
Z scheme for solving hyperbolic conservation laws is given. Examples showing the accuracy
in approximating a non-periodical function and its first derivative by the Fourier-Continuation
method is given. In Sect. 3, several one and two dimensional classical examples in the solution
of Euler equations are conducted and their performance in terms of accuracy and efficiency
are discussed. Concluding remarks and future works are given in Sect. 4.

2 Hybrid Fourier-Continuation: WENO Finite Difference Scheme

In this section, a Hybrid FC-WENO-Z5 scheme that hybridizes a high order essentially
non-dissipative and non-dispersive Fourier-Continuation method (FC) and a fifth order
characteristic-wiseweighted essentially non-oscillatory conservativefinite difference scheme
(WENO) is presented for solutions of multi-dimensional system of hyperbolic conservation
laws in a single-domain framework. Unless stated otherwise, we shall also refer the Hybrid
FC-WENO-Z5 scheme simply as the Hybrid scheme in the rest of the paper.

In the following subsections, wewill briefly review three individual high order (resolution)
components of the Hybrid scheme. They are the WENO-Z scheme, the FC method and the
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MR analysis. We present these schemes in one space dimension. Following a method of
lines, the one dimensional algorithm can be extended easily to a multi-dimensional Cartesian
domain.

2.1 Weighted Essentially Non-oscillatory Schemes

Consider an equidistant grid defined by the points xi = i�x, i = 0, . . . , N , which are called
cell centers, with cell boundaries given by xi+ 1

2
= xi + �x

2 , where �x is the uniform grid
spacing (see Fig. 1). The semi-discretized form of (1) is transformed into the system of
ordinary differential equations and solved by the method of lines

d Qi (t)

dt
= − ∂ f

∂x

∣
∣
∣
∣
x=xi

, i = 0, . . . , N , (2)

where Qi (t) is a numerical approximation to the cell-averaged value Q(xi , t).
Due to its nonlinear adaptive stencils nature, high order WENO finite difference scheme

is capable of capturing sharp discontinuities in an essentially non-oscillatory manner and
resolving high frequency waves accurately within the solution of nonlinear hyperbolic PDE.
Here, we describe the fifth order nonlinear adaptive polynomial reconstruction process, which
is the heart of any WENO scheme, of the classical and improved weighted essentially non-
oscillatory schemes.

To form the flux difference across the uniformly spaced cells and to obtain high-order
numerical flux consistent with the hyperbolic conservation laws, a conservative finite differ-
ence formulation is required at the cell boundaries. By defining a numerical flux function
h(x) implicitly, one has

f (x) = 1

�x

x+ �x
2∫

x− �x
2

h(ξ)dξ, (3)

such that the spatial derivative in (2) is approximated by a conservative finite difference
formula at the cell center xi ,

d Qi (t)

dt
= − 1

�x

(

hi+ 1
2

− hi− 1
2

)

, (4)

where hi± 1
2

= h(xi± 1
2
). High order polynomial interpolations to hi± 1

2
are computed using

known cell-averaged values f j = f (x j ), j = i − 2, . . . , i + 2.

xi xi+1 xi+xi-1xi-2 xi+1/2

S2

S0

S1

S5 τ5

β0

β2

β1 ω1

ω0

ω2

Fig. 1 The computational uniformly spaced grid xi and the 5-points stencil S5, composed of three 3-points
substencils {S0, S1, S2}, used for the fifth-order WENO reconstruction step
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As shown in theFig. 1, the 5-points (2r−1 = 5)global stencil S5 is subdivided into three 3-
points substencils {S0, S1, S2}. The fifth degree polynomial approximation f̂i± 1

2
= hi± 1

2
+

O(�x5) is built through the convex combination of 3 s degree interpolation polynomials
f̂ k(x) in substencils Sk, k = 0, 1, 2 at the cell boundaries xi± 1

2
,

f̂i± 1
2

=
2

∑

k=0

ω±
k f̂ k(xi± 1

2
), (5)

where ωk are the normalized nonlinear weights (which will be described below) and

f̂ k(xi+ 1
2
) =

2
∑

j=0

ck j fi−k+ j , i = 0, . . . , N , (6)

with Lagrangian interpolation coefficients ck j [3].
The regularity of the interpolation polynomial approximation f̂ k(x) of the substencil Sk

at xi is measured by the local lower order smoothness indicators βk , which are given by

βk =
2

∑

l=1

�x2l−1

x
i+ 1

2∫

x
i− 1

2

(
dl

dxl
f̂ k(x)

)2

dx, k = 0, 1, 2. (7)

The explicit expression of the smoothness indicators βk can be found in [22].
In the classical WENO-JS5 scheme [22], the nonlinear weights ωk are defined as

αk = dk

(βk + ε)p
, ωk = αk

∑2
j=0 α j

, k = 0, 1, 2.

The coefficients
{

d0 = 3
10 , d1 = 3

5 , d2 = 1
10

}

are the ideal weights that, when the solution
is sufficiently smooth, one has {ωk ≈ dk, k = 0, 1, 2} and the WENO scheme essentially
becomes the optimal fifth order central upwind scheme. In general, the power parameter
p ≥ 1 is used to enhance the relative ratio between the smoothness indicators βk and the
sensitivity parameter ε > 0 is used to avoid divisions by zero in the weights formulation.

In the WENO-Z5 scheme [4,6], the nonlinear weights ωZ
k are defined as

αZ
k = dk

(

1 +
(

τ5

βk + ε

)p)

, ωZ
k = αZ

k
∑2

l=0 αZ
l

, k = 0, 1, 2, (8)

where τ5 = |β2 − β0|, which has a leading truncation error of order O(�x5). In contrary, the
leading truncation error of βk are of order O(�x2). Strictly speaking, the leading truncation
error estimates of βk and τ5 are only valid if f ′(xi ) �= 0.

Remark 1 The sensitivity parameter ε (typically 10−12) is used to avoid the division by
zero in the denominator and power parameter p (typically p = 2) is chosen to increase the
difference of scales of distinct weights at non-smooth stencils of the solution.

The sensitivity parameter ε is expected to be a small positive value so as not to interfere
with smoothness detection by the smoothness indicators βk . However, it was shown in [17]
that, for certain class of smooth functions, the WENO-JS scheme may converge with a sub-
optimal order if ε is too small. Furthermore, it also serves another interesting purpose that
the larger the ε is, the more biasing of a WENO scheme from a more dissipative lower order
upwind finite different scheme toward a less dissipative higher order upwind central finite
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difference scheme becomes. Moreover, in the present of critical points of order ncp (that is,

f ′
i = · · · = f

(ncp)
i = 0, f

(ncp+1)
i �= 0), it has been proven that the optimal order of accuracy

can only be guaranteed, regardless of the order of critical points, if the sensitivity parameter
ε is taken as a function of grid spacing �x (see [6,12] and references contained therein for
details).

For the fifth order WENO-JS5 scheme, the necessary and sufficient condition is ε = �x2

with p = 2. For the fifth order WENO-Z5 scheme, the sufficient condition is ε = �x4

with p = 2. For shocked flows, it is desirable to take an appropriately small ε to capture
shocks in an essentially non-oscillatory manner while resolving the smooth scale structures
with high order/resolution. In this respect, WENO-Z5 scheme has a clear advantage over the
WENO-JS5 scheme with a given grid spacing �x .

2.2 The Fourier-Continuation Method

We shall consider a smooth non-periodical function f (x) defined over a domain�0 = [a, b]
of length L = b − a. The function f (x) is discretized over the domain by N + 1 equidistant
grid with grid spacing �x = L/N , that is, xi = a + i�x, i = 0, . . . , N .

In the Fourier-Continuationmethod, as shown in Fig. 2, the definition of the non-periodical
function f (x) is extended to a new extended periodical function h(z) with period L +d over
an extended periodical domain �2 = �0

⋃
�1 = [a, b + d], that is,

h(z) =
{

f (z) z ∈ �0 = [a, b]
fmatch(z) z ∈ �1 = [b, b + d] , (9)

where d is a parameter that determines the size of the domain �1. fmatch(z) is a matching
periodical function defined over a matching periodical domain �3 = [b − δ, b + 2d + δ]
with period 2(d + δ),

Fig. 2 Setup of the
Fourier-Continuation method of a
non-periodical function f (x) (red
line) in the domain [0, 1]. Raised
for visibility, the matching
periodical function fmatch(x)

(blue and green lines) is
displayed in the upper-right
portion of the figure (Color figure
online)
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fmatch(z) =
{

f (x) x ∈ [b − δ, b] and z ∈ �left = [b − δ, b]
f (x) x ∈ [a, a + δ] and z ∈ �right = [b + d, b + d + δ] , (10)

where δ is a parameter that determines the length of an overlapped subdomain between f (x)

and fmatch(z).

Remark 2 Since we are using the Fourier collocation method [14], it is imperative that the
grid spacing �x remains unchanged on the extended periodical domain �2. Hence, the
parameters d and δ cannot be chosen arbitrary. They must be in a form of d = γ�x and
δ = β�x , for some non-zero positive integers γ and β. Therefore, the Fourier collocation
points z j on �1 must then be defined accordingly as z j = b + j�x, j = 0, . . . , γ .

In the left overlapped subdomain �left = [b − δ, b], instead of forcing the matching
function fmatch(z) = f (x) strictly, f (x) is approximated by a polynomial to some desirable
accuracy, using β + 1 number of equidistant grid points, xl = b − δ + l�x, l = 0, . . . , β.
Polynomial interpolation on an equidistant grid is known to suffer the Runge Phenomenon
for certain class of functions. Instead, after scaling the overlapped subdomain z ∈ �left =
[b − δ, b] into a canonical domain ξ ∈ [−1, 1], an orthogonal polynomial, such as the Gram
polynomial [11], can be used, provided the degree of the Gram polynomial M is not too large
(says, M ≤ 10),

fmatch(z) =
M

∑

n=0

bleftn Pleft
n (ξ), ξ = −1 + 2

δ
(z − (b − δ)), z ∈ �left, (11)

where Pleft
n (ξ) are the Gram polynomials of degree n and bleftn are the n_th Gram coeffi-

cients

bleftn =
β

∑

i=0

fmatch(zi )Pleft
n (ξi ), ξi =−1+ 2

δ
(zi − (b−δ)), zi ∈ �left.

(12)

Remark 3 The degree of the Gram polynomial M ≤ β is a user tunable parameter.

Remark 4 The Gram polynomials Pn(ξ) satisfy a three-term recurrence relation, namely,

αn−1 = β

n

√

4n2 − 1

β2 − n2 , γn = αn

αn−1
,

Pn+1(ξ) = αnξ Pn(ξ) − γn Pn−1(ξ), n = 0, . . . , M, (13)

with P−1(ξ) = 0, P0(ξ) = 1√
β+1

and α−1 = 1 [19].

Remark 5 Similarly, in the right overlapped subdomain �right = [b + d, b + d + δ], one
can obtain the corresponding Pright

n (ξ) and brightn .

Toobtain theFourier continuationof the periodicalmatching function fmatch(z) in domain
�3 = [b − δ, b + 2d + δ] with period 2(d + δ) that satisfies the matching conditions (10) in
the overlapped subdomain �left and �right, we discretize the domain �left = [b − δ, b]
with R+1 equidistant grid points with grid spacing�z = δ/R, namely, zl = b−δ+l�z, l =
0, . . . , R. We then define an even function f evenn (z) and an odd function f oddn (z) such that
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f evenn (z�) =
∑

k∈teven(K )

ân
k ei πk

δ+d z� ≈ Pleft
n (ξ�), � = 0, · · · , R, (14)

f oddn (z�) =
∑

k∈todd(K )

b̂n
k ei πk

δ+d z� ≈ Pleft
n (ξ�), � = 0, · · · , R, (15)

where z� ∈ �left, ξ� = −1 + 2
δ
(z� − (b − δ)), teven(K ) = { j ∈ t (K )| mod ( j, 2) = 0}

and todd(K ) = { j ∈ t (K )| mod ( j, 2) = 1} where t (K ) = { j ∈ N, mod (K , 2) = 0| −
K/2+1 ≤ j ≤ K/2} or t (K ) = { j ∈ N, mod (K , 2) = 1|−(K −1)/2 ≤ j ≤ (K −1)/2},
and K is a user tunable parameter for accuracy in approximating the Gram polynomials with
the K/2 Fourier modes. The resulting two over-determined systems of the linear equations
will be solved by themethod of least squares. This even and odd splitting of the Fouriermodes
allows one to reduce the ill-conditioning of the systemand to solve two smaller systems via the
method of least squares more efficiently and accurately than one large ill-condition system.

Remark 6 The number of Fourier modes K/2 is a user tunable parameter that should be less
than R/2, i.e. K < R.

Remark 7 As a programming note, once the FCparameters {N , β, γ, M, R, K } are specified,
one can pre-compute and store the even and odd Fourier coefficients {ân

k , b̂n
k }, the n_th

Gram coefficients {bleftn , brightn }, the matrix elements of the n_th degree Gram polynomial
Pn(ξi ), for each Gram polynomial degree n = 0, . . . , M , for each Fourier modes k ∈ teven
and k ∈ todd, and at each grid point ξi , i = 0, . . . , R. Otherwise, they must be recomputed
each time and it can be very CPU time consuming.

Once the functions f evenn (z) and f oddn (z) have been determined, the matching function
fmatch can be obtained by means of the linear combination given in (16), that is,

fmatch(z) =
M

∑

n=0

[

bleftn + brightn

2
f evenn (z) + bleftn − brightn

2
f oddn (z)

]

. (16)

One can easily verify that f evenn (z) = f evenn (z + d + δ) and f oddn (z) = − f oddn (z + d + δ)

for all n and z ∈ �left. By substituting (14) and (15) into (16), one has

fmatch(z) =
M

∑

n=0

bleftn Pleft
n (ξ), ξ = −1 + 2

δ
(z − (b − δ)), z ∈ �left. (17)

fmatch(z) =
M

∑

n=0

brightn Pright
n (ξ), ξ = −1 + 2

δ
(z − (b + d)), z ∈ �right. (18)

which satisfy the condition (10), and fmatch(z) is the Fourier continuation of f (x) that we
are seeking for. Readers are refereed to [5,24] and references contained therein for more
details.

The system above (14) and (15) can be written compactly in a matrix form as

Aa = P, (19)

whereA is a complexmatrixwith element Ak� = ei πk
δ+d z� , a is the complex vector of unknown

Fourier coefficients ân
k or b̂n

k , P is a real matrix with element Pn� = Pn(ξ�). The system (19)
must be solved in a least square sense since the system is an over-determined system of linear
equations. We compute the singular value decomposition (SVD) of A = U�V∗, where U is
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a complex unitary matrix, V∗ is a complex conjugate of a unitary matrix, and � is a non-
negative real diagonal matrix with singular values σll of the system A along the diagonal
with a decreasing magnitude. To improve the conditioning of the over-determined system of
linear equations, we reset those singular values σll to zero if they are smaller than a certain
user defined threshold εSVD, for example, εSVD = 10−11. Once the coefficients a are known,
the matching Gram polynomial fmatch(z) can be obtained for (11), which can then be used
in the definition of the extended periodical function h(z) in (9).

Once h(z) is known at all the Fourier collocation points z j , j = 0, . . . , N + γ in the
extended periodical domain �2 = [a, b + d], any known numerical algorithm, such as the
Matrix-Matrix Algorithm (MXM), the Even-Odd Decomposition Algorithm (EOD) [7], and
the Fast Fourier Transform Algorithm (FFT) [23], can be applied to perform the Fourier dif-
ferentiation of h(z) at the Fourier collocation points xi to obtain h′(xi ) which approximates
f ′(xi ), i = 0, . . . , N in �0 = [a, b]. For sufficient large N and γ , however, both the MXM
and EOD algorithms are rather slow in computing h′(z j ). In this case, a fast transform algo-
rithm which uses a version of fast Fourier transform (FFT) algorithm should be used instead.
However, FFT algorithms usually comewith additional constraints on a transform data length
NFFT and on the programming complexity. Most FFT algorithms require a transform data
length NFFT to be a multiples of small prime numbers raised to some integer powers, for
example, NFFT = 233457112 or suffer a degradation of computational efficiency. The most
efficient FFT should have a transform data length NFFT = 2k2 for some large integer k2. This
imposed a limit on a set of admissible number of grid points N , for a given fixed parameter
γ , that can be used for the FC method in order to retain its computational efficiency over its
competitors, in spite of a greatly increased programming effort. A more detailed discussion
on the implementation of the FC method with FFT algorithm will be given below in Sect.
2.4. An alternative method to produce efficient FFT sizes can be found in [2].

2.2.1 Numerical Examples of the FC Method

To illustrate the accuracy of the FC method in approximating both periodical and non-
periodical functions and their respective first derivatives, we consider the following three
analytic functions

f1(x) = exp (sin(2.7π(2x − 1)) − cos(2πx)), (20)

f2(x) = exp (sin(2.7πx) + cos(πx)), (21)

f3(x) = sin(2πx). (22)

For the numerical examples shown in this section, we have taken the number of grid
points as N = 70, the number of grid points in an overlapped subdomain �left as β = 9,
the numbers of grid points in an extended domain �1 as γ = 19, the degree of Gram
polynomial as M = 6, and the number of grid points and Fourier modes in the overlapped
subdomain �left as R = 100 and K = 30 for the over-determined system of linear
equations, respectively. Hence, the size of the overlapped subdomain�left is δ = β�x and
the size of the extended matching domain is d = γ�x .

Remark 8 The choice of these parameters is problem dependent and this particular set of FC
parameters seem to work well for these functions. A minor variation on the choice of this
set of FC parameters does not seem to affect the overall accuracy of the FC method in any
significant way.
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Fig. 3 The periodic extensions for functions f1(x), f2(x), and f3(x) with N = 70, β = 10, γ = 19, M =
6, R = 100, K = 30, δ = β�x and d = γ�x in the domain �0 = [0, 1] and the extended domain
�1 = [1, 1 + d]

In Fig. 3, the periodic extensions for these three functions are shown. The pointwise values
of the matching function fmatch(z) in the overlapped subdomain �left = [1 − δ, 1] agree
very well with those of the analytic functions.

To examine the error of computing the derivative of a function approximated by the FC
method, we compute the absolute pointwise error between the derivative of the function f1(x)

and the derivative of h(z) in the domain�0 = [0, 1]. As shown in Fig. 4, one can observe that
the largest errors appear near the two domain boundaries of �0. In order to reduce the error
of the derivative of a function, we have decided to remove the values of the derivative at the
first and last three grid points at the both end of the domain boundaries (truncated derivative).
As shown in Fig. 5, the truncated derivative of the function f1(x) as computed by the FC
method is significantly improved and also with an increasing order of the Gram polynomial
M . In the context of the Hybrid scheme, it means that the Hybrid scheme requires a buffer
zone (overlap zone) of three points minimum at both ends of a smooth FC stencil (see Sect.
2.4 for details.)

Approximation errors resulted from the FCmethod of the three functions and their respec-
tive truncated derivatives are shown in Fig. 6. The maximum errors of functions and their
respective truncated derivatives decrease with an increasing number of grid points N in the
domain �0 = [0, 1].
Remark 9 Even though the approximation errors level off at 10−10 and 10−6 in the approx-
imation of the functions and their respective truncated derivatives, respectively, they are
accurate enough for the purpose of this study since the WENO scheme is at most fifth order
and the order of accuracy near a discontinuity is atmost of order O(�x). As long as theHybrid
scheme is stable, we will take advantages of the spectral-like properties of the FC method in
smooth FC stencils. The Hybrid scheme is stabilized with a sixteen order exponential filter
on the conservative variables [27].

Remark 10 Although, in the literature, the continuation coefficients for the FC method are
pre-computed in very high precision, this is not necessary if one does not care about accuracy
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Fig. 4 The absolute pointwise
error and in a logarithmic scale of
f ′
1(x) with N = 70, β = 10, γ =

19, M = 6, R = 100, K = 30,
and δ = β�x in the domain
�0 = [0, 1]
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101

at the domain boundaries. In the FC(Gram) algorithm presented here, the near-boundary
values of the FC derivatives are discarded and, thus, it is sufficient to use the standard 64 bits
precision arithmetic when calculating derivatives in the FC domains.

In the context of the present work on shocked flow with a fifth order WENO scheme
and other associated errors such as, but not limited to, the truncation error, rounding error,
aliasing error, polynomial reconstruction error, time stepping error and judicial choice of free
parameters in solving a nonlinear system of hyperbolic PDEs, it is not clear whether high
precision computation of the FC(Gram) algorithm could offer much advantage in term of
accuracy for the number of grid points considered in a typical problem with shocks.

Remark 11 Since we are using a fifth orderWENO scheme for problemswith discontinuities
in the numerical experiments in this study, we fixed the order of the Gram polynomial to be
M = 6, which is one order higher than theWENO scheme. In fact, with the parameter β = 9
that governs the size of the overlapped domain �left and �right, our experiences indicate
that taking the order of Gram polynomial from M = 5 to M = β does not alter the overall
order of accuracy of the Hybrid scheme in any significant way.
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Fig. 6 The L∞ error of the non-periodical functions f1(x), f2(x), and f3(x) and their respective truncated
derivatives, with an increasing number of grid points N in the domain �0 = [0, 1]

2.3 Multi-Resolution Analysis (MR)

To quantify the smoothness of a solution computed by the FCmethod and theWENO scheme
at each uniformly spaced grid point xi , the coefficients of theMulti-Resolution analysis (MR)
[16] can be used. Since both the FCmethod and theWENO scheme are high order/resolution
schemes, the measure of the smoothness of the solution must also be of high order in order
to differentiate a high frequency wave from a high gradient/shock so that an appropriate
numerical spatial scheme (such as the FC method for high-frequency waves and the WENO
scheme for shocks) can be applied adaptively at a given spatial location x and dynamically
at a given time t .

Given an initial number of the grid points N0 and grid spacing �x0, we shall consider a
set of nested dyadic grids up to level L < log2 N0,

Gk = {xk
i , i = 0, . . . , Nk}, 0 ≤ k ≤ L , (23)

where xk
i = i�xk with �xk = 2k�x0, Nk = 2−k N0 and the cell averages of function u at

xk
i :

ūk
i = 1

�xk

xk
i∫

xk
i−1

u(x)dx . (24)

Let ũk
2i−1 be the approximation to ūk

2i−1 by a unique polynomial of degree nM R = 2s that
interpolates ūk

i+l , |l| ≤ s at xk
i+l , where q = 2s + 1 is the order of approximation.

The approximation error (or multi-resolution coefficients), taking k = 1 for a single-level
MR, di = ū0

2i−1 − ũ0
2i−1 at xi , has the property that if u(x) is a C p−1 function, then

di ≈
{

[u(p)
i ]�x p

1 p ≤ q

u(q)
i �xq

1 p > q
, (25)
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where [·] and (·) denote the jump and the derivatives of the function, respectively. The MR
coefficient di measures how close the data at the finer grid

{

x0i
}

can be interpolated by the
data at the coarser grid

{

x1i
}

.
From (25) it follows that

|d2i | ≈ 2− p̄|di |, p̄ = min{p, q}, (26)

which implies that away from discontinuities, the MR coefficients {di } diminish in size with
a refinement of the grid at smooth parts of the solution; close to discontinuities, they remain
essentially the same size, independent of the order q = 2s +1. Examples of the performance
of the high order multi-level multi-resolution analysis in detecting discontinuities in the
solution of nonlinear system of hyperbolic PDEs can be found in [8].

2.4 The Single-Domain Hybrid FC-WENO Scheme

Algorithmically, the single-domainHybrid FC-WENOscheme (Hybrid) is implementedwith
the following essential steps:

1. Perform a nM R order multi-resolution (MR) analysis on one or more suitable variable(s)
(Typically, density) once at the beginning of a time stepping scheme. (Typically nM R =
2r .)

2. Set a MR flag Flag, based on the MR coefficients di , at a grid point xi as

Flagi =
{

1, |di | > εM R (non-smooth stencil)
0, otherwise (smooth stencil)

, (27)

where εM R is a user tunable parameter. (Typically εM R = 1 × 10−3 − 5 × 10−2.)
3. Optionally, a buffer zone is created around each grid point xi that all the grid points

inside the buffer zone are flagged as non-smooth stencils. This condition prevents the
computation of the derivative of the fluxes by the FCmethod using non-smooth functional
value.
If, for example, a grid point xi is flagged as non-smooth stencil, then its neighboring grid
points {xi−m, . . . , xi , . . . , xi+m} will also be designated as non-smooth stencils as well,
that is, {Flag j = 1, j = i − m, . . . , i, . . . , i + m}. (Typically, m = r .)

4. Use the FC method to compute the derivative of the fluxes in each continuous segment
of smooth stencils of data length N (Smooth FC stencil). (Typically, N ≥ 32 − γ + 1
and see the subsection below.)

5. Use the WENO scheme to compute the derivative of the fluxes in each segment of non-
smooth stencil(s) (Non-smooth WENO stencil).

In other words, the computational domain is subdivided into non-smooth WENO stencils
and smooth FC stencils based on the multi-resolution coefficients and tolerance in which a
WENO scheme and the FC method will be applied respectively.

2.5 The Hybrid Scheme with FFT Algorithm

Caremust be takenwhen using FFT algorithm in the FCmethod. In the single-domainHybrid
scheme, due to a dynamic spatial and temporal change of the data length N in a smooth FC
stencil, it is necessary that a list of pre-defined transform data length NFFT be fixed in advance
in order to speed up the computation. As mentioned earlier, it will be computationally very
costly if otherwise. In this particular work, we pre-defined a list of ten FFT transform data
length NFFT(1 : 10) = (32, 40, 48, 56, 64, 72, 80, 128, 256, 512). So, in a smooth FC stencil

123



684 J Sci Comput (2015) 64:670–695

with an unknown data length N0, FFT algorithm will be employed to compute the derivative
using the FC method whenever the data length N = NFFT − γ + 1 ≤ N0. In order maximize
the speed of the FFT algorithm, the transform data length NFFT should be chosen from the
list from large to small that will maximize the data length N . The process repeats itself until
the remaining data length N < NFFT(1)−γ +1. The derivative of the fluxes at the remaining
grid points, despite being a smooth function in the smooth FC stencil, will be computed by
the WENO scheme (red circle). A pictorial representation of the procedure above is shown
in the top figure of Fig. 7. This procedure is called an asymmetric algorithm.

A symmetric algorithm is the one that enforces the symmetry of the solution within a
smooth FC stencil. In this procedure, the center of the smooth FC stencil will be located
and the largest transform data length NFFT of grid points is centrally distributed around
the center in a symmetric manner. Any remaining number of grid points at both end
of the smooth FC stencil will then be treated by the asymmetric algorithm as described
before. A pictorial representation of the symmetric algorithm is given in the bottom fig-
ure of Fig. 7. This procedure yields a symmetric solution if the underlining function is
symmetric.

The consequence of using FFT algorithm in the Hybrid scheme is a slight increase in the
size of buffer zone for the WENO scheme at the interface between a smooth FC stencil and
its neighboring non-smooth WENO stencil (the blue and black solid circles enclosed within
the two red circles, the red solid circles and the red empty squares in the Fig. 7).

Remark 12 As a programming note, we should also point out that, within a smooth FC
stencil, due to the discrete nature of the FC method with FFT algorithm and the removal
of the boundary grid points (3 grid points in this case) near the two end boundaries, an
overlapped substencils (6 = 2 ∗ 3 grid points in this case) between the two FFT substencils
(blue circle), must be taken into consideration in the implementation of the Hybrid scheme.

Remark 13 As a programming note, the subroutine ZGESDD from LINPACK library is used
to compute the singular value decomposition of A and subroutines from HOPEpack [13]
are used to perform the differentiation with a FFT algorithm in a smooth FC stencil.

Asymmetric algorithm

WENO WENOFourier-Continuation
FFT FFT WENO

0 10 20 30 40

Symmetric algorithm

WENO WENOFourier-Continuation
FFT WENOWENO

0 10 20 30 40

Fig. 7 Asymmetric and symmetric algorithms of the Fourier-Continuation method with FFT algorithm
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3 Numerical Results

In this section, we present some numerical results to validate the accuracy and efficiency of
the FC method and the Hybrid scheme in a single-domain framework. We first validate the
implementation of the FC method by solving a one dimensional scalar linear wave equation
and show that the expected order of accuracy is achieved. Next, we applied the Hybrid
scheme to both one and two dimensional Euler equations and compare the results with the
classical WENO-JS5 scheme, when appropriate, and the improved WENO-Z5 scheme. The
classical one dimensional Riemann initial value problems (123 problem, SOD problem and
Lax problem) are used to demonstrate the accuracy and efficiency of the Hybrid scheme for
shocked flows with piecewise smooth states of a nonlinear system of PDEs. To highlight
the spectral-like properties of the Hybrid scheme, a long time simulation of a Mach 3 shock
interaction with a small entropy wave and a Mach 3 shock interaction with density wave are
conducted. In the former case, the dissipative and dispersive nature of a numerical scheme, if
any, will quickly dampen and/or induce a phase error of the small amplitude high frequency
waves generated in the weak nonlinear regime of the Euler equations. The later case allows
one to examine the dissipative and dispersive nature of a numerical scheme in the strong
nonlinear regime of the Euler equations that generates both fine scales complex structures
and localized shocklets in space and time. Finally, we perform a two dimensional simulation
of the Mach 10 double Mach reflection problem with the Hybrid scheme and the WENO-
Z5 scheme, and compare their performances in term of accuracy and CPU times at two
resolutions. For the two dimensional Cartesian domain, the two dimensional algorithm is a
simple tensor product of the one dimensional algorithm. The smoothness of the density in
each direction as detected by the MR analysis at the beginning of each Runge-Kutta step is
used to determine the derivative of the flux accordingly. The details in the implementation of
the characteristic-wise WENO conservative finite difference scheme in space with the third
order Runge-Kutta TVD scheme in time can be found in [4]. For brevity, only relevant results
and figures are shown.

3.1 One Dimensional Scalar Linear Wave Equation

Consider the one dimensional scalar linear wave equation,

∂ Q

∂t
+ ∂ Q

∂x
= 0, x ∈ [0, 2],

Q(x, t = 0) = exp (cos(πx)),

which is solved by the FC method, the WENO-JS5 scheme and the WENO-Z5 scheme to a
final time t = 10.

In Fig. 8, the L2 and L∞ errors of each scheme along with the rate of convergence are
shown. From the figure, we can see that the WENO-JS5 scheme and the WENO-Z5 scheme
converge at a rate of O(N−4) and O(N−4.5) respectively, and the FC method converges
at a rate of O(N−8.5). As expected, the error is much less with the FC method than the
WENO schemes at any fixed grid resolution �x . This example shows that the FC method as
implemented achieves high order accuracy for sufficiently smooth linear problem.

3.2 System of Nonlinear Hyperbolic Conservation Laws

To demonstrate the performance of the Hybrid scheme in solving a system of nonlinear
hyperbolic conservation laws, we consider the two dimensional Euler equations for gas
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Fig. 8 (Left) L2 and (Right) L∞ errors of the FCmethod, theWENO-JS5 scheme and theWENO-Z5 scheme
of the one dimensional scalar linear wave equation at time t = 10

dynamics in strong conservation form:

Qt + Fx + Gy = 0, (28)

where the conservative variablesQ, the fluxes F andG in the x and y directions, respectively,
are

Q = (ρ, ρu, ρv, E)T , F = (ρu, ρu2 + P, ρuv, (E + P)u)T ,

G = (ρv, ρuv, ρv2 + P, (E + P)v)T ,

and the equation of state (EOS) is

P = (γ − 1)

(

E − 1

2
ρ(u2 + v2)

)

, γ = 1.4.

The ρ, u, v, P , and E are the density, velocity in x- and y-direction, pressure and total energy
respectively. The one dimensional Euler equations can be obtained easily by removing the y
component of the variables v and flux G from (28).

3.2.1 Riemann Initial Value Problem

The classical Riemann initial value problems are often used to demonstrate the singularities
(contact wave, rarefaction wave and shock) capturing capability of a nonlinear shock captur-
ing scheme. Here, we consider the 123 problem, Sod problem, and the Lax problem. Both the
Hybrid scheme and the WENO-Z5 scheme are used to compute the solution of these three
problems and compared them with their exact solutions. N = 200 uniformly spaced grid
points are used for all three problems and the CFL condition for stability is CFL = 0.45.

123 Problem

The initial condition of the 123 problem is

(ρ, u, P) =
{

( 1, −2, 0.4 ), −5 ≤ x < 0,
( 1, 2, 0.4 ), 0 ≤ x ≤ 5,
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and the final time is t = 1.

Sod Problem

The initial condition of the Sod problem is

(ρ, u, P) =
{

( 0.125, 0.000, 0.1000 ), −5 ≤ x < 0,
( 1.000, 0.000, 1.0000 ), 0 ≤ x ≤ 5,

and the final time is t = 2.

Lax Problem

The initial condition of the Lax problem is

(ρ, u, P) =
{

( 0.445, 0.698, 0.3528 ), −5 ≤ x < 0,
( 0.500, 0.000, 0.5710 ), 0 ≤ x ≤ 5,

and the final time is t = 1.3.
In Fig. 9, the density andWENOflagFlag of the 123 problem as computed by the Hybrid

scheme are shown with an asymmetric algorithm and a symmetric algorithm in smooth FC
stencils. The non-smooth WENO stencils, where the WENO-Z5 scheme is employed, are
highlighted with the red boxes and the remaining smooth FC stencils are computed by the
FC method. Since the density ρ, which is a constant at time t = 0, is not a suitable variable
for performing the multi-resolution analysis on, the momentum ρu and εM R = 10−4 are used
instead.

The density computed by the Hybrid scheme is in a very good agreement with the exact
solution except at the corners of left and right moving waves. The discontinuities of the
derivative are captured essentially non-oscillatory with the WENO-Z5 scheme and the oth-
erwise smooth regions are well resolved by the FC method. By a careful examination of the
distribution of the WENO flag Flag, one can observe an asymmetric distribution of grid
points in the smooth FC stencils with the asymmetric algorithm. For a symmetric problem
like this, one would expect that, as a minimum requirement, the smooth FC stencils should
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Fig. 9 The density andWENOflagFlag (red lines) of theHybrid schemes of the 123 problemswith N = 200
grid points at time t = 1 with an asymmetric algorithm and a symmetric algorithm in smooth FC stencils. The
solid black lines are the exact solution (Color figure online)
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Fig. 10 The density andWENO flag Flag (red lines) of the Hybrid scheme of the Sod problem at time t = 2
and the Lax problem at time t = 1.3 with N = 200 grid points. The solid black lines are the exact solution
(Color figure online)

be distributed in a symmetric fashion as well. Hence, we will employ the symmetric algo-
rithm for the FC method with FFT algorithm in the smooth FC stencils in all the following
examples.

In Fig. 10, the density and WENO flag Flag of the Sod problem and the Lax Problem
as computed by the Hybrid scheme are shown. In these cases, the multi-resolution tolerance
is εM R = 10−3. Similar to the 123 problem, they are in a very good agreement with the
exact solutions. The shock, contact wave and rarefaction wave are all well captured in an
essentially non-oscillatory fashion by theWENO-Z5 schemewhile the solution in the smooth
FC stencils are well resolved by the FC method.

Remark 14 It should be noted that the non-smooth WENO stencils are slightly wider than
normally would due to the transform data length constraint imposed by the FC method with
FFT algorithm in the Hybrid scheme.

3.2.2 Mach 3 Shock Entropy Wave Interaction

The classical Riemann IV problems demonstrate the essentially non-oscillatory singularity
capturing of the Hybrid scheme for a piece-wise smooth function. The goal of conjugating
the FCmethodwith theWENO-Z5 scheme is to take advantage of the spectral-like properties
of the FC method in capturing small scale smooth structures in the smooth FC stencils. To
do so, we will employ the Hybrid scheme to solve a right moving Mach 3 shock interacting
with a small amplitude sinusoidal perturbation of the entropy in the pre-shock region. The
initial condition is

(ρ, u, P) =
{

( 277 , 4
√
35
9 , 31

3 ), x ≤ x0,
(exp(−ε sin(k(x + x0)), 0, 1), x > x0,

where x ∈ [−10, 10], ε = 0.01, x0 = −9.5 and k = 13.
Since there is no exact solution for this problem, the numerical solution computed by

the WENO-JS9 scheme with N =10240 grid points is used as the reference solution. Since
the amplitude of perturbation is small (ε = 0.01), the solution of the Euler equations is
dominated by those in the weak nonlinear regime. The entropy consists of a small amplitude
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Fig. 11 The entropy and WENO
flag Flag for the shock–entropy
wave interaction problem as
computed by the Hybrid scheme
at time t = 5 with N =2560 grid
points
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high frequencywave train traveling to the left of themain shockwave. In Fig. 11, we show the
entropy and the WENO flag Flag (red boxes) at time t = 5. The multi-resolution analysis
captures the location of the shock very well and the WENO-Z5 scheme is employed there
to capture the shock and its nonlinear interaction with the upstream entropy wave. The high
and low frequency entropy waves behind and in front of the main shock, respectively, are
well resolved by the FC method. The multi-resolution tolerance is εM R = 5 × 10−3.

In Fig. 12, the close-up view of entropy as computed by the WENO-Z5 scheme and the
Hybrid scheme are shown with a low resolution (N =1500) and a high resolution (N =2560).
It is clear from the evolution of the small amplitude high frequency entropy waves behind the
main shock that the Hybrid scheme has no discernible dissipation and dispersion errors at
both resolutions. In contrary, the high frequency entropy waves is being severely dampened
at the low resolution but less so at the high resolution by the numerical dissipation of the
WENO-Z5 scheme.

3.2.3 Mach 3 Shock–Density Wave Interaction

In order to investigate the abilities of the Hybrid scheme in solving the Euler equations in a
strong nonlinear regime that generates both large fine scale structures and localized shocklets,
we solve the one dimensional Mach 3 shock–density wave interaction problem [22] with an
enlarged domain and for a much longer time. The initial condition is

(ρ, u, P) =
{

( 277 , 4
√
35
9 , 31

3 ), −5 ≤ x < x0,
(1 + ε sin(kx), 0, 1), x0 ≤ x ≤ 15,

where x ∈ [−5, 15], ε = 0.2, x0 = −4 and k = 5.
We compute the solution of the problem until final time t = 5 using the WENO-Z5

scheme, the WENO-JS5 scheme and the Hybrid scheme. In addition to the Hybrid (FC-
WENO-Z5) scheme, we replace theWENO-Z5 schemewith theWENO-JS5 scheme (Hybrid
FC-WENO-JS5) for the sake of comparing the two Hybrid schemes that use two different
weights formulations. In this case, we use εM R = 5 × 10−3 and N = 800 uniformly spaced
grid points. In Fig. 13, the high frequency density waves behind the shock as computed by
the WENO-JS5 scheme, the WENO-Z5 scheme, the Hybrid FC-WENO-Z5 scheme and the
Hybrid FC-WENO-JS5 scheme are shown.As shown in the figures, theHybrid scheme has an
overall best resolution than the other three schemes in resolving the spatially and temporally
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Fig. 12 Close-up view of entropy as computed by the WENO-Z5 scheme and the Hybrid scheme with
N =1500 and N =2560 grid points for shock–entropy wave interaction problem at time t = 5

evolving high frequency density waves generated by the strong nonlinear interaction between
the main shock and a small upstream density perturbation.

In Fig. 14, the density and WENO flag Flag are shown as computed by the Hybrid
scheme with N = 800 grid points at an earlier time t = 2.5 and the final time t = 5. The
results indicate that the shock and the developing shocklets are well captured essentially
non-oscillatory by the WENO-Z5 scheme while the fine scales structures are well resolved
by the FC method.

Due to the algorithmic complexity of theHybrid FC-WENO-Z5 scheme, it is natural to ask
whether the FC method worth the extra programming effort in term of CPU time saving. In
Table 2, we give the CPU timing of and speedup, defined as CPUWENO/CPUHybrid, between the
WENO-Z5 scheme and the Hybrid scheme for the shock–density wave interaction problem
at various resolutions and at the final time t = 5. According to the results, the Hybrid scheme,
besides being slightly more accurate than the WENO-JS scheme in a long time integration,
is also more efficient than the WENO-Z5 scheme as the resolution increases. A factor of
almost two in speedup can be achieved with a sufficient high resolution.

3.2.4 Two Dimensional Mach 10 Double Mach Reflection Problem

To illustrate the efficiency of the Hybrid scheme over the WENO-Z5 scheme in a more
practical problem, we applied the Hybrid scheme to solve the two dimensional double Mach
reflection (DMR) problem [29].
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Fig. 13 The high frequency density waves of the shock–density wave interaction problem as computed
by the Hybrid FC-WENO-JS5 scheme, the Hybrid FC-WENO-Z5 scheme, the WENO-JS5 scheme and the
WENO-Z5 scheme in the interval [9, 12] at time t = 5
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Fig. 14 The density and WENO flag Flag of the shock–density wave interaction problem as computed by
the Hybrid scheme with N = 800 grid points at times t = 2.5 and t = 5

Table 2 The CPU timing of and speedup between the WENO-Z5 scheme and the Hybrid scheme for the
shock–density wave interaction problem at various resolutions and at the final time t = 5

N WENO-Z5 Hybrid Speedup

800 2.5 2.1 1.2

1600 8.9 5.8 1.5

2400 19.5 10.5 1.9

In the two dimensional double-Mach reflection problem, a Mach 10 normal shock wave
impinges onto a wedge with a given angle of inclination. By changing the frame of reference
to the surface of the wedge, we setup the computational domain as [0, 4]× [0, 1]. The Mach
10 oblique shock makes contact with the lower domain boundary at a 60◦ angle with the
horizontal x-axis. The governing equation is the two dimensional system of Euler equations
with initial condition,

Q = (ρ, u, v, P) =
{

(8, 8.25 cos θ,−8.25 sin θ, 116.5) , x < x0 + y/
√
3

(1.4, 0, 0, 1) , x ≥ x0 + y/
√
3

,
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Fig. 15 The density of the double Mach shock reflection as computed by the WENO-Z5 scheme and the
Hybrid scheme with resolutions 800×200 and 1600×400 uniform cells at time t = 0.2 (Color figure online)
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Fig. 16 Density as computed by the WENO-Z5 scheme and the Hybrid scheme with resolutions 800 × 200
and 1600×400 uniform cells at time t = 0.2

with x0 = 1
6 and θ = π/6. Supersonic inflow and free-stream outflow boundary conditions

are specified at x = 0 and x = 4, respectively. At the lower boundary y = 0, reflective
boundary conditions are applied in the interval [x0, 4]. At the upper boundary y = 1, the exact
solution of the Mach 10 moving oblique shock is imposed. The problem and its numerical
results are well documented in the literature [29].

We run both the Hybrid scheme and the WENO-Z5 scheme with resolutions 800 × 200
and 1600×400 uniform cells to a final time t = 0.2. The density flooded contours of these
four cases are shown in Fig. 15. The large scale structures (for example, the trip point, the
incident shock, the reflected shock, a Mach stem and a slip plane) of the flow agree well with
each other and with those in the literature. In Fig. 16, the small scale structures (for example,
the small vortical rollups along the slip line and the large mushroom shaped vortical rollup at
the tip of the jet) around the region x ∈ [2, 2.9] behind the incident shock are shown. Besides
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Fig. 17 Distribution of theWENOflagsFlag in the x- and y- directions of theHybrid schemewith resolutions
800 × 200 and 1600×400 uniform cells at time t = 0.2

Table 3 CPU timings of the WENO-Z5 scheme and the Hybrid scheme for the Mach 10 double Mach
reflection problem

N × M WENO-Z5 Hybrid Speedup

800 × 200 1240 830 1.49

1600×400 10435 5358 1.95

some expected minor discrepancies in the small scale vortical rollups along the slip line and
the jet at high resolution, the fine scale structures agree excellently with each other between
the Hybrid scheme and the WENO-Z5 scheme at both low and high resolutions (Fig. 17).

In addition to the spectral-like nature of the Hybrid scheme, another main advantage
of using the properly constructed Hybrid scheme over the WENO-Z5 scheme, in a single-
domain framework, is a great reduction in CPU time in reaching the final solution for a
sufficiently large problem size. As a programming note, for small problem size, the Hybrid
schememight even under-perform against theWENO-Z5 scheme in both accuracy and speed.
Table 3 presents the CPU timings in the simulation of the DMR problem at a low resolution
(800 × 200) and a high resolution (1600×400). Even though the actual performance of
the Hybrid scheme can vary greatly for different problems and many factors (for example,
programming skill, parallelization and resolution), the CPU timing data gives a reasonable
good indication of how well one can expect the range of saving in CPU time for a typical
problem. In this particular case, we have achieved a 33 and 48% reduction in CPU time at
the low and high resolutions, respectively.

4 Conclusion and Future Work

In this work, we has successfully implemented the hybrid Fourier-Continuation method and
fifth order weighted essentially non-oscillatoryWENO-Z finite difference scheme for solving
hyperbolic conservation laws in a single-domain framework. The smoothness of the solu-
tion is determined by the high order multi-resolution analysis at each grid points, instead
of each subdomain in a multi-domain framework. Several critical numerical issues unique
to the Hybrid scheme in a single-domain framework, such as reasonable choice of parame-
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ters, singular value decomposition, fast Fourier transform algorithm, symmetry preservation,
and overlap zone of the FC method, are addressed. The accuracy of the FC method with
Fast Fourier transform (FFT) algorithm in approximation of a function and its (truncated)
derivative are studied. The accuracy and efficiency of the Hybrid scheme as implemented is
validated through some classical numerical experiments with the Euler equations, such as the
one dimensional Riemann initial value problem (123 problem, Sod problem and Lax prob-
lem), one dimensional Mach 3 shock–entropy wave interaction problem, one dimensional
shock–density wave interaction problem, two dimensional Mach 10 double Mach reflection
problem. The results are in good agreement with those in the literature and speedup of factor
almost two has been observed for sufficient large problem sizes. The non-dissipative and non-
dispersive nature of the FC-method is clearly demonstrated in both one and two dimensional
problems.

We plan to construct a (CPU/GPU) parallel high order/resolution Hybrid scheme for solv-
ing the multi-dimensional multi-species compressible reactive Navier-Stokes equations in
a single- and multi-domain frameworks. To further enhance the performance of the Hybrid
scheme, a hybridization of the compact scheme, the central finite difference scheme, the
Fourier-Continuation method, and the WENO scheme is under consideration. Numerical
experiments in detonation [15], compressible turbulence [18], and shock-particle laden flows
[20,21]will be performed in our future research to validate and to take advantage of the essen-
tially non-dissipative and non-dispersive properties of a linear scheme (the FC method) and
the essentially non-oscillatory property of a nonlinear shock-capturing scheme (the WENO
scheme) in the high order Hybrid FC-WENO scheme.
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